Density of Euclid’s orchard

Let E = {(z,y) € P?: ged(z,y) = 1} be Euclid’s orchard. For n € P write n = {1,
E,=Enn®={(z,y) €n®: ged(z,y) = 1}.

Also write

...,n}, and

Ey={(z,y) € B,z <y} and E)={(z,y) € B,z >y}.

Clearly |E}| = |E2|, E, = E} UE2 and E} N E2 = {(1,1)}. Thus, |E,| =2|E}| — 1.
For 1 <m <mn, let

El(m) = {(z,y) € El:y= m} = {(z,m): x € m, ged(z,m) =1}.

So E} = El(1)u--- U E}(n). By definition, |EL(m)| = ¢(m), so

B} = o(1) + -+ ¢(n).

Denote this sum by ®(n). So |E,| = 2®(n) — 1.
The numbers ®(n) are on [1, A002088], which states that

3n?
®(n) = 7 + O(nlogn).
It follows that
6n2
|En| =2®(n) — 1= P + O(nlogn),

and the density of F, in n? is

E, 6
’ 2’ - ﬁ_'_o(logn/n)a

n

E 6
As n — o0, therefore | ;‘ — — ~ 0.60792710185.
n 0
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